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Abstract
We prove that for any tree with a vertex of degree at least six, its chromatic
symmetric function is not e-positive, that is, it cannot be written as a nonnegative
linear combination of elementary symmetric functions. This makes significant progress
towards a recent conjecture of Dahlberg, She, and van Willigenburg, who conjectured
the result for all trees with a vertex of degree at least four. We also provide a series of
conditions that can identify when the chromatic symmetric function of a spider, a tree
consisting of multiple paths identified at an end, is not e-positive. These conditions
generalize to trees and graphs with cut vertices as well. Finally, by applying a result of
Orellana and Scott, we provide a method to inductively calculate certain coefficients
in the elementary symmetric function expansion of the chromatic symmetric function
of a spider, leading to further e-positivity conditions for spiders.
1 Introduction
In 1995 Stanley introduced the chromatic symmetric function of a graph - a gener-
alization of the well known chromatic polynomial [18]. Stanley’s seminal paper included
numerous properties of the chromatic symmetric function and an equivalent form of the
Stanley-Stembridge conjecture that the chromatic symmetric function of the incompara-
bility graph of any (3 + 1)-free poset is a nonnegative linear combination of elementary
symmetric functions (i.e., is e-positive) [19]. This conjecture has led to numerous stud-
ies related to the classification of graphs with an e-positive chromatic symmetric function
[4, 5, 6, 7, 9, 10, 11, 12, 15, 16].
One difficulty of working with the chromatic symmetric function is that there is no
deletion-contraction relation like that of the chromatic polynomial. Many have circum-
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vented this problem by using quasisymmetric functions or functions in noncommuting
variables [2, 3, 11, 17].
Another active area of research regards the question of whether the chromatic sym-
metric function can distinguish trees up to isomorphism [14, 15, 16]. Using a probabilistic
algorithm, the answer is known to be affirmative for trees of up to 29 vertices [13]. The affir-
mative is also known for certain simplified families of trees such as spiders and caterpillars
[14, 15].
In this paper we build on results of Dahlberg, She, and van Willigenburg who combine
the above two avenues and present numerous conditions for the e-positivity of trees and
graphs with cut vertices [6]. Their study reduces, for many cases, the non e-positivity of
trees to that of spiders — trees consisting of multiple paths identified at an end. They find
that many trees and spiders are not e-positive, supporting Stanley’s statement that being e-
positive is related to being claw-free and that trees are likely e-positive only "by accident."
Dahlberg et al. finish their paper with the following bound on the size of e-positive trees
and conjecture on the e-positivity of trees.
Theorem 1.1. (Dahlberg et al. [6]). Let T be an n-vertex tree with a vertex of degree
d ≥ 3. If d ≥ log2 n+ 1, then T is not e-positive.
Conjecture 1.2. (Dahlberg et al. [6]) Any tree with a vertex of degree at least four is not
e-positive and in particular any spider with at least four legs is not e-positive.
Our paper is structured as follows. In Section 2 we review necessary background and
notation.
In Section 3 we extend many of the tests for e-positivity from [6]. In Theorem 3.4
we show that the sum of the residues of the leg lengths of an e-positive spider modulo
any positive integer must be less than twice that integer and discuss the many classes of
spiders that are not e-positive as a result of this theorem in Corollary 3.5. These conditions
generalize Corollary 16 and Lemma 18 of [6], which state that any spider with at least three
legs of odd length and any spider with a longest leg that contains less than half the total
number of vertices is not e-positive. Finally, we also give additional divisibility criteria for
e-positive spiders leading to the following result in Corollary 3.12 of Theorem 3.10.
Theorem. Any tree with a vertex of degree at least 6 is not e-positive.
In Section 4 we turn to calculating specific coefficients in the chromatic symmetric
function of spiders and come up with further conditions that must be satisfied for e-
positivity. Since we show in Section 3 that trees and spiders with a vertex of high degree
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are not e-positive, this section is motivated by a search for e-positive spiders with three legs
and patterns found in the negative coefficients in chromatic symmetric functions of these
spiders. Due to their simpler structure, we find that for chromatic symmetric functions of
spiders with three legs it is often possible to directly calculate the expansion coefficients
of certain elementary symmetric functions. Using an inductive method, we are able to
generalize some of these results to all spiders in Section 5. Our main result of this section
further classifies when spiders with odd length legs are e-positive. While in [6] it is found
that spiders with at least 3 odd length legs are not e-positive, we further find that spiders
with at least four legs, exactly two odd length legs, and longest leg with even length, are
not e-positive.
Finally, in Section 6 we conclude with questions and conjectures that suggest the e-
positivity of spiders is itself an interesting subject.
2 Background
In this section we provide the necessary notation and background information.
Definition 2.1. We say that λ = (λ1, . . . , λℓ(λ)) is a partition of n, denoted by λ ⊢ n, if
λ1 + · · ·+ λℓ(λ) = n and λ1 ≥ · · · ≥ λℓ(λ) > 0.
The individual λi’s are often called the parts of the partition λ, and if there are j
parts equal to k, this is often abbreviated by kj in the partition. For example, λ =
(λa11 , . . . , λ
aℓ(λ)
ℓ(λ) ) denotes the partition of n =
∑ℓ(λ)
i=1 aiλi that has ai parts equal to λi for
each i = 1, . . . , ℓ(λ).
Given an n-vertex graph G = G(V,E), a connected partition C of G is a partitioning
of its vertices V into sets {V1, . . . , Vk} such that the induced subgraph of G on each Vi is
connected. The type of the connected partition C is the partition of n with parts equal to
the sizes of the sets Vi sorted in decreasing order. We say that G has a connected partition
of type λ if there exists a connected partition of G with type λ and that G is missing a
connected partition of type λ otherwise.
Our results in the next section focus on a specific family of graphs known as spiders.
Definition 2.2. A spider is a graph consisting of d paths with one endpoint on each
path identified. Given a partition λ = (λ1, . . . , λd) of n denoted by λ ⊢ n, the spider
S(λ) = S(λ1, . . . , λd) is the n + 1 vertex graph consisting of d paths, Pλ1 , . . . , Pλd , of
lengths λ1, . . . , λd respectively, all connected to a vertex, v, of degree d. The paths Pλi are
often called legs and the vertex v is often called the center.
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Example 2.1. The spiders S(2, 1, 1) and S(3, 2, 1).
Next, we review some background on the chromatic symmetric function and symmetric
functions in general.
A function f(x1, x2, . . .) ∈ R[x1, x2, . . .] is said to be symmetric if it is invariant under
any permutation of its indeterminates. The algebra of symmetric functions is the graded
algebra Λ = Λ0 ⊕ Λ1 ⊕ · · · , where Λd consists of the homogeneous degree d symmetric
functions, and is a subalgebra of R[x1, x2, . . .].
A common basis of Λ are the elementary symmetric functions, defined by,
en =
∑
j1<j2<···<jn
xj1 · · · xjn .
Using the preceding notation, if λ = (λ1, . . . , λℓ(λ)) is a partition, then eλ = eλ1 · · · eλℓ(λ) .
A symmetric function is said to be e-positive if it can be written as a nonnegative linear
combination of elementary symmetric functions.
Definition 2.3. (Stanley [18]) Let G be an n-vertex graph with vertex set VG = {v1, . . . , vn}.
The chromatic symmetric function is defined by
XG =
∑
κ
xκ(v1) · · · xκ(vn),
where the sum is over all proper colorings κ : VG −→ {1, 2, . . .}, i.e., colorings in which
κ(v) 6= κ(u) if v and u are adjacent.
For simplicity we say that a graph itself is e-positive if its chromatic symmetric function
is e-positive. We will also use [eλ]XG to denote the coefficient of eλ in the expansion of
XG in the basis of elementary symmetric functions.
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3 e-positivity conditions for spiders
In this section we begin by giving e-positivity conditions for spiders and later apply a
lemma of [6] to directly generalize these results to trees. For now however, the focus will
be on the e-positivity of spiders. The main tools used is the following lemma.
Lemma 3.1. (Wolfgang [21]) If an n-vertex graph G is e-positive then it has a connected
partition of type λ for every λ ⊢ n. In particular, if a graph G is missing some connected
partition, then it is not e-positive.
This lemma allows us to identify a spider as not e-positive without doing any calcula-
tions involving the chromatic symmetric function. In [6], Dahlberg et al. use this lemma to
present numerous e-positivity conditions for spiders including the following two theorems.
Theorem 3.2. (Dahlberg et al. [6]) Every spider with at least three legs of odd length is
not e-positive.
Theorem 3.3. (Dahlberg et al. [6]) Let S = S(λ1, . . . , λd) be an n-vertex spider. For some
λi such that 2 ≤ i < d, let n = q(λi+1)+ r where 0 ≤ r < λi+1, r = qd
′+ r′, 0 ≤ r′ < q,
and t = λi+1 + · · ·+ λd. If q ≥
λi+1
t−1 then S is not e-positive. In particular, it is missing a
connected partition of type
(λi + d
′ + 2)r
′
(λi + d
′ + 1)q−r
′
.
We generalize the above theorems.
Theorem 3.4. Let S = S(λ1, . . . , λd) be an n-vertex spider. For a positive integer m > 1,
let λ
(m)
i denote the residue of λi modulo m. Let n = mq + r with 0 ≤ r < m. Then
S has a connected partition of type (mq, r) if and only if 1 + λ
(m)
1 + · · · + λ
(m)
d = r or
1 + λ
(m)
1 + · · · + λ
(m)
d = m+ r and λ
(m)
i ≥ r for some i ∈ {1, . . . , d}.
In particular, if 1+λ
(m)
1 +· · ·+λ
(m)
d ≥ 2m, or 1+λ
(m)
1 +· · ·+λ
(m)
d = m+r and λ
(m)
i < r
for each i = 1, . . . , d, then S is not e-positive. Note that if r = 0, then (mq, r) = (mq).
Proof. For the forward direction, suppose S has a connected partition C of type (mq, r).
If r = 0, then the vertices of each leg are partitioned into sets of size m with λ
(m)
i
vertices left over for each leg of length λi. For each i, λ
(m)
i < m, so the λ
(m)
i vertices
must be in a set containing the center. Thus, there is a set in the connected partition C
consisting of 1+λ
(m)
1 + · · ·+λ
(m)
d vertices. It follows that 1+λ
(m)
1 + · · ·+λ
(m)
d = m = m+r
and for some i, λ
(m)
i ≥ 0.
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If r > 0, let V1 ∈ C be the set of vertices of size r. First suppose V1 contains the center
and let ti be the number of vertices on the leg of length λi contained in V1. Notice that
ti ≡ λ
(m)
i (mod m) and, in particular, ti ≥ λ
(m)
i . It follows that |V1| = r = 1+t1+· · ·+td ≥
1 + λ
(m)
1 + · · · + λ
(m)
d . However, as 1 + λ
(m)
1 + · · · + λ
(m)
d ≡ r (mod m), it follows that
1 + λ
(m)
1 + · · · + λ
(m)
d = r, completing the forward direction.
Now suppose that V1, the set of vertices of size r, does not contain the center. Then, V1
must only contain vertices from a single leg of the spider. Let this leg be of length λi. Since
the rest of the vertices are all in sets of size m, it follows that the set of vertices containing
the center is of size 1+λ
(m)
1 +· · ·+(λi−r)
(m)+· · ·+λ
(m)
d = m. If λ
(m)
i < r, then (λi−r)
(m) =
λ
(m)
i +m− r and the previous equation simplifies to 1+λ
(m)
1 + · · ·+λ
(m)
i + · · ·+λ
(m)
d = r.
If λ
(m)
i ≥ r, then (λi − r)
(m) = λ
(m)
i − r, and 1 + λ
(m)
1 + · · ·+ λ
(m)
i + · · · + λ
(m)
d = m+ r.
For the reverse direction, if 1 + λ
(m)
1 + · · ·+ λ
(m)
d = r, then each leg can be partitioned
into paths of length m with a connected set of 1 + λ
(m)
1 + · · ·+ λ
(m)
d = r vertices left over
yielding the desired partition. If 1 + λ
(m)
1 + · · · + λ
(m)
d = m + r and λ
(m)
i ≥ r for some
i = 1, . . . , d, then pick the leg of length λi such that λ
(m)
i ≥ r and use the r vertices from
the end, that is the r vertices forming a path terminating at the leaf, as one set. Then, with
the previous set of r vertices removed, partition the spider into paths of length m starting
at the end of each leg, leaving 1 + λ
(m)
1 + · · · + (λi − r)
(m) + · · · + λ
(m)
d = m+ r − r = m
vertices in the last set. This yields the desired partition.
Note that Theorem 3.2 is a specialization of Theorem 3.4 when m = 2. Theorem 3.4
has many simple yet powerful applications. We state a few particularly interesting ones in
the next corollary. Some of the conditions mentioned can be found in [6].
Corollary 3.5. Let S = S(λ1, . . . , λd) be an n-vertex spider. If any of the following
conditions hold, then S is not e-positive.
1. For any i, λi ≥ λi+1 + · · ·+λd (Using a more detailed argument given in [6] one can
prove that the inequality must be strict for i ≥ 2).
2. At least 2m− 1 legs have length not divisible by m.
3. At least m legs have length not divisible by m, where m | n.
4. m|n, when λi + 1 ≤ m ≤ λi + · · ·+ λd for any 1 ≤ i ≤ d− 1.
5. λi + 1 and λj + 1 have a common factor g > 1, and g ∤ λk, for distinct i, j, and k.
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6. n(t) ≤ λi, where n
(t) denotes the residue of n modulo t and t = λi+ · · ·+λd for some
i.
Theorem 3.6. Let S = S(λ1, . . . , λd) be an n-vertex spider. For some λi such that
2 ≤ i < d, let a = ⌈λi+1m ⌉ where m is a positive integer, n = qa + r where 0 ≤ r < a,
r = qd′ + r′ where 0 ≤ r′ < q, and t = λi+1 + · · ·+ λd. If q =
⌊
n
a
⌋
> m(a−1)t−2m+1 , t > 2m− 1,
and a > λi+1 then S is not e-positive. In particular, it is missing a connected partition of
type
(a+ d′ + 1)r
′
(a+ d′)q−r
′
.
Proof. Suppose that S contains a connected partition C of type (a+ d′ + 1)r
′
(a+ d′)q−r
′
.
Since a + d′ ≥ a > λi+1, . . . , λd, one set in C must contain the center along with each
of the legs of lengths λi+1, . . . , λd. Consider the number of sets required to contain all of
the vertices from the leg of length λi. Suppose k sets are used. Then only one set can
contain the center and vertices from other legs and the remaining k − 1 sets contain at
least (k − 1)(a + d′) ≤ λi vertices. Notice that m(a + d
′) ≥ ma > λi, so k − 1 < m and
the leg of length λi is contained in the union of at most m sets. If exactly m sets are used,
these sets will collectively contain at least ma > λi vertices, and as a result one of these
sets must contain the center and the legs of lengths λi+1, . . . , λd as well.
Putting the preceding results together, it follows that the legs of lengths λi, λi+1, . . . , λd
are contained in the union of at most m sets. Hence for some V1, . . . , Vm ∈ C, |V1|+ · · ·+
|Vm| ≥ 1 + λi + · · · + λd = 1 + λi + t. However, we claim that this value is greater than
m(a+ d′ + 1). Indeed,
m(a+ d′ + 1) = ma+m+m
r − r′
q
≤ ma+m+
m(a− 1)
q
.
By assumption m(a−1)q < t − 2m + 1, and a <
λi+1
m + 1 implies that ma ≤ λi +m as
ma is an integer. It follows that,
m(a+ d′ + 1) < λi +m+m+ t− 2m+ 1 = λi + t+ 1,
and the legs of lengths λi, λi+1, . . . , λd cannot be contained in the union of at most m sets.
As a result, S cannot have a connected partition of the stated type.
Theorem 3.3 from Dahlberg et al. [6], which we restated above, is a special case of
Theorem 3.6 when m = 1. In general, when λi is large, it is optimal to apply Theorem 3.6
for somem > 1. The best bound occurs whenm is around t/2, but it is not guaranteed that
the condition ⌈λi+1m ⌉ > λi+1 is satisfied in this case. The following example demonstrates
a case where Theorem 3.6 shows a spider is not e-positive whereas Theorem 3.3 does not.
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Example 3.7. Let S = S(448, 276, 90, 1, 1) be a spider with 817 vertices. Then it is easy to
see that S satisfies the conditions of Theorem 3.3. However, take m = 3, a =
⌈
277
3
⌉
= 93,
and t = 90+1+1 = 92. Then indeed t > 2m−1, a > 90, and q =
⌊
817
93
⌋
= 8 > 3(93−1)92−6+1 =
92
29 ,
and S is missing a connected partition of type (103, 1027).
Theorems 3.3 and 3.6 also imply a sort of geometric progression in the legs of any
e-positive spider as demonstrated in the following corollary.
Corollary 3.8. Let S = S(λ1, . . . , λd) be an e-positive spider. Then for 2 ≤ i ≤ d− 3, we
have λi + 1 >
√
n
2 (λi+1 + 1). If 2 < i ≤ d− 2, this can be improved to λi >
√
n
2λi+1.
Proof. This is a straightforward application of Theorem 3.3. Since S is e-positive, Theorem
3.3 implies that q = ⌊ nλi+1⌋ <
λi+1
t−1 . Then, by assumption, i ≤ d − 3, so t− 1 ≥ λi+1 + 1,
and as n > λi + 1, it follows that ⌊
n
λi+1
⌋ > n2(λi+1) . Thus,
n
2(λi + 1)
<
⌊
n
λi + 1
⌋
<
λi + 1
t− 1
<
λi + 1
λi+1 + 1
=⇒ λi + 1 >
√
n
2
(λi+1 + 1).
For the second part, when d− 2 ≥ i > 2, using the first part of Corollary 3.5 one can see
that n > λ1 + λ2 + λi ≥ 4λi, and as a result
n
λi
> 4 ≥ 2λi+1λi−1 . This yields
n
2λi
≤
n
λi + 1
− 1 <
⌊
n
λi + 1
⌋
≤
λi
t− 1
<
λi
λi+1
,
where the third inequality is due to Theorem 3.6 with m = 1. This implies that,
λi >
√
n
2
λi+1.
Finally, using Corollary 3.8 we can improve the bound of Theorem 1.1 found in [6] and
show that spiders with at least six legs are not e-positive.
Theorem 3.9. Let S = S(λ1, . . . , λd) be an n-vertex spider, with d ≥ 5. If S is e-positive
then (n/2)−1/2 + · · ·+ (n/2)−1/2
d−3
< 1.
Proof. Suppose S is e-positive. Applying Corollary 3.8 yields the following inequalities,
λd−2 > (n/2)
1/2,
λd−3 > (n/2)
1/2(λd−2 + 1)
1/2 > (n/2)1−1/2
2
,
...
λ2 + 1 > (n/2)
1/2(λ3 + 1)
1/2 > (n/2)1/2(λ3)
1/2 > (n/2)1−1/2
d−3
.
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Next, the first part of Corollary 3.5 yields,
1 + λd−3 + · · ·+ λ2 < n/2 =⇒ (n/2)
1/2 + · · ·+ (n/2)1−1/2
d−3
< n/2,
which can be simplified to
(n/2)−1/2 + · · ·+ (n/2)−1/2
d−3
< 1.
Theorem 3.10. If S = S(λ1, · · · , λ6) is a spider with at least six legs, then S does not
have a connected partition of every type and is not e-positive.
Proof. Set m =
⌊
λ2+1
λ3+1
⌋
, a = ⌈λ2+1m ⌉, and t = λ3 + · · · + λ6. If S is e-positive, then recall
that by the first part of Corollary 3.5, the longest leg of S has at least
⌊
n
2
⌋
vertices, and as a
result λ2+ t ≤ n/2 and in particular n/2 > n/2− (λ3+1) > λ2+1. Also, by Corollary 3.8,
λ4 > (n/2)
1/2 and λ3 > (n/2)
3/4. These inequalities imply that m ≤ λ2+1λ3+1 <
n/2
(n/2)3/4
=
(n/2)1/4. It is easy to see that by the bound in Theorem 3.9, if S has six legs and is
e-positive, then n must be large enough so that 2(n/2)1/4 < (n/2)1/2 < λ4, and as a result,
t− 2m+ 1 > λ3 + 1.
Finally, note that m(a− 1) = ma −m ≤ λ2 +m−m = λ2, which, with the previous
inequality, yields
m(a− 1)
t− 2m+ 1
<
λ2
λ3 + 1
.
However, we claim that this violates the conditions of Theorem 3.6 with λ2,m, a, and
t as defined above, contradicting the e-positivity of S (or more specifically that S has a
connected partition of every type).
Indeed, λ2 +1 > λ3 +1 implies that m >
λ2+1
2(λ3+1)
, so a < λ2+1m +1 < 2(λ3 +1) + 1. As
a is an integer, this means that a ≤ 2(λ3 + 1). Thus,
⌊n
a
⌋
>
n
a
− 1 >
n
2(λ3 + 1)
− 1 =
n/2− (λ3 + 1)
λ3 + 1
>
λ2
λ3 + 1
,
which implies
⌊
n
a
⌋
> m(a−1)t−2m+1 . It remains to check that t > 2m − 1 and a > λ3. The first
inequality is true as t − 2m + 1 > λ3 + 1 > 0, and the second is true as a >
λ2+1
m ≥
λ2+1
(λ2+1)/(λ3+1)
= λ3 + 1. Therefore any spider with at least six legs is missing a connected
partition of some type and is not e-positive.
Finally, all the results in this section can be extended to trees by the following lemma
from [6].
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Lemma 3.11. (Dahlberg et al. [6]) Let T be a tree with a vertex of degree d ≥ 3, and let
v be any such vertex. Let t1, . . . , td denote number of vertices of the subtrees T1, . . . , Td
rooted at the d vertices adjacent to v respectively. If T has a connected partition of type λ,
then the spider S(t1, . . . , td) has a connected partition of type λ as well.
This gives the following corollary of Theorem 3.10.
Corollary 3.12. Any tree with a vertex of degree at least 6 is not e-positive.
In fact, the result on trees immediately generalizes to any graph with a cut vertex
whose deletion produces a graph with at least 6 connected components. This is due to
Lemma 13 of [6] which we do not restate here for brevity (the lemma is very similar to
Lemma 3.11 restated above).
Corollary 3.13. Any graph with a cut vertex whose deletion produces a graph with at least
6 connected components is not e-positive.
Theorem 3.10 and Corollary 3.12 prove a conjecture of Dahlberg et al. for d ≥ 6 [6].
Regarding the tightness of this result, it is mentioned in [6] that the spider S(6, 4, 1, 1) has
a connected partition of every type. In fact in the next section we mention a number of
other spiders with four legs that also have this property. While it can be seen through
direct calculation that none of these spiders are e-positive, this does not generalize to trees
as the results of this section do. This is because we are reliant on Lemma 3.11 when
reducing the e-positivity of trees to spiders and this lemma depends on the spider having
a missing connected partition of some type. Thus the only improvement that can be made
to Theorem 3.10 using the method of reducing to a spider and finding a missing partition
is to d = 5. We are unaware of any spiders with five legs that have a connected partition
of every type.
4 Spiders with few legs
The aim of this section, and the next, is to capitalize on the simpler structure of spiders
and better understand their e-positivity through direct calculations of certain coefficients,
no longer looking for missing partitions. We first state results on spiders with few legs that
we will then extend in the next section. While the previous section gives many conditions
that must be satisfied for a spider to be e-positive, and finds that spiders with at least six
legs are not e-positive, we find that there are still a host of spiders that seem to "pass all
the tests."
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For example, using a computer we discover a number of four legged spiders of the form
S(a, b, 2, 1) that satisfy the conditions of the previous sections, including, S(15, 12, 2, 1),
S(16, 12, 2, 1), and S(21, 12, 2, 1). We were able to further verify that each of these spiders
indeed contains a connected partition of every type. However, we will soon see that none
of these spiders, and more generally no spider of the form S(a, b, 2, 1), is e-positive. Since
we rely on direct calculation to show that these spiders are not e-positive, it is possible
that one of these spiders can lead to an e-positive tree. Spiders of the form (a, b, 1, 1) with
connected partitions of every type were noted in [6] and shown to be not e-positive.
The following series of lemmas will be very useful when calculating the coefficients of
specific elementary symmetric functions in a chromatic symmetric function’s expansion.
Lemma 4.1. (Stanley [18]) For disjoint graphs G and H, XG∪H = XGXH .
Lemma 4.2. (Triple-Deletion rule of Orellana and Scott [16]) Let G(V,E) be a graph
with vertices v, v1, v2 where e1 = vv1 ∈ E, e2 = vv2 ∈ E and e3 = v1v2 /∈ E, and let
S = {e1, e2, e3}. Let GA = G(V, (E − S) ∪A) where A ⊆ S. Then,
XG = XG{e2,e3} +XG{e1} −XG{e3} .
Lemma 4.3. (Wolfe [20]) Let λ = (1a1 , . . . , nan) be a partition of n and Pn be a path of
length n. Then the coefficient of eλ in the expansion of XPn is given by
[eλ]XPn =
(
a1 + · · ·+ an
a1, . . . , ad
) d∏
j=1
(j − 1)aj+
d∑
i=1

( (a1 + · · ·+ an)− 1
a1, . . . , ai − 1, . . . , ad
) d∏
j=1,j 6=i
(j − 1)aj

 (i− 1)ai−1

 .
The next lemma shows how the chromatic symmetric function of a spider can be reduced
to a linear combination of products of chromatic symmetric functions of paths. It has a
particularly nice form for spiders with three legs, as the chromatic symmetric function
decomposes into a linear combination of products of chromatic symmetric functions of
paths. In this case, Lemma 4.3 can then be used to calculate specific coefficients.
Lemma 4.4. Let S = S(λ1, . . . , λd) be a spider with d legs, let λ = (λ1, . . . , λd), and
let Pk denote the path of length k. Denote by λ−j(i : m) the partition that is a modifi-
cation of λ with the ith part replaced by m and the jth part deleted (i.e. λ−j(i : m) =
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. . .
λ1
λ2
λd
∼X
. . .
λ1 λ2 − 1
λd
+
. . .
λ1
λ2
λd
−
. . .
λ1
λ2
λd
Figure 1: An illustration of Lemma 4.2 applied to a spider with d legs. Here, ∼X
denotes that the chromatic symmetric function of the graph on the left equals the stated
combination of chromatic symmetric functions of the graphs on the right.
(λ1, . . . , µi, . . . , λj−1, λj+1, . . . , λd), where µi = m). Then,
XS =XS(λ−j(i:λi+λj)) +XS(λ−j(i:λi))XPλj + · · ·+XS(λ−j(i:λi+λj−1))XP1−
XS(λ−j(i:0))XPλi+λj − · · · −XS(λ−j(i:λj−1))XPλi+1
=XS(λ−j(i:λi+λj)) +
λj−1∑
k=0
(
XS(λ−j(i:λi+k))XPλj−k −XS(λ−j(i:k))XPλi+λj−k
)
.
In particular, when S = S(λ1, λ2, λ3), is a spider with three legs, we get the following
decomposition where (a, b, c) is some permutation of (λ1, λ2, λ3)
XS = XPn +XPa+b+1XPc + · · ·+XPa+b+cXP1 −XPa+1XPb+c − · · · −XPa+cXPb+1 .
Proof. This is a direct application of Lemmas 4.1 and 4.2. Starting from the center of the
spider, S, we apply the triple deletion rule with e1 as the first edge on the leg of length λi,
e2 as the first edge on the leg of length λj, and e3 as the edge forming a triangle with e1
and e2. Notice that this decomposes XS into a linear combination of three terns. Two of
the terms, XS{e1} and XS{e3} , are products of a chromatic symmetric function of a spider
with fewer legs and a chromatic symmetric function of a path, by Lemma 4.1. We keep
these terms. For the third term, XS{e2,e3} , notice that S{e2,e3} is the following modification
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of the spider S. It has the leg of length λi attached, not to the center, but instead to
the vertex on the leg of length λj that is adjacent to the center. By applying the triple
deletion rule to XS{e2,e3} , we again obtain two terms that we keep, and one term with the
leg of length λi attached to the second vertex (from the center) on the leg of length λj.
Repeating this procedure gives the desired decomposition of XS . An example of the first
step, with i = 1 and j = 2 is shown in Figure 1.
Note that if we are considering [eλ]XS and all parts of λ are large, then many terms in
the expansion of Lemma 4.4 can be ignored. For example, if all parts of λ are greater
than λj , each XPλj−k with k nonnegative does not affect the coefficient and so each
XS(λ−j(i:λi+k)) XPλj−k can be ignored.
With this strategy, it is often possible to calculate certain elementary symmetric func-
tion coefficients in the expansion of the chromatic symmetric function of spiders with three
or four legs. This calculation is mentioned for spiders of the forms S(r, 1, 1) and S(r, s, 1, 1)
in [6].
Lemma 4.5. Let S = S(λ1, λ2, λ3, λ4) be an n-vertex spider, m = λ3 + λ4, and n =
mq +m+ r where 0 ≤ r < m. If r is nonzero and S has a partition of type (mq, r), then
[e(m+r,mq−1)]XS = (m− 1)
q−2(m3 −m2q +m2r − 2m2 −mqr +mq +m+ r).
Proof. This is a direct calculation using Lemmas 4.3 and 4.4. Set m = λ3 + λ4 and write
λ1 = mq1+ r1 and λ2 = mq2+ r2 for 0 ≤ r1, r2 < m. Thus, q = q1+ q2 and r = r1+ r2+1.
Since S has a partition of type (mq, r), Theorem 3.4 implies that 1 + r1 + r2 + λ3 + λ4 =
1+ r1 + r2 +m = m+ r, and thus 1+ r1 + r2 = r. Using the decomposition in Lemma 4.4
and ignoring terms that do not contribute to the coefficient of e(mq−1,m+r), namely those
involving a path whose length is not r modulo m, yields,
[e(mq−1,m+r)]XS = [e(mq−1,m+r)](XS(λ1,λ2,m) −XP1+λ1+λ2XPm)
= [e(mq−1,m+r)]
(
XPmq+r −XPm(q1+1)XPmq2+r −XPm(q2+1)XPmq1+r
)
= (m− 1)q−2(m3 −m2q +m2r − 2m2 −mqr +mq +m+ r),
as desired.
Corollary 4.6. Let S = S(λ1, λ2, λ3, λ4) be an n-vertex spider, m = λ3 + λ4, and n =
mq +m+ r where 0 ≤ r < m. If q ≥ m, then S is not e-positive.
Proof. This is immediate from the previous Lemma. If S does not have a partition of type
(mq, r) then it is not e-positive by Lemma 3.1. If r = 0, then notice λ
(m)
1 + λ
(m)
2 + λ
(m)
3 +
λ
(m)
4 + 1 ≥ m+ 1 > m, so by Theorem 3.4 S is not e-positive.
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Otherwise, the previous lemma can be applied and setting q = m+ c for c ≥ 0 yields,
[e(m+r,mq−1)]XS = (m− 1)
q−2(−m2c−m2 −mcr +mc+m+ r)
< (m− 1)q−2(−m2c−m2 + 2m) ≤ 0,
where the last inequality is due to the fact that m = λ3 + λ4 ≥ 2. Thus if q ≥ m, then
[e(m+r,mq−1)]XS < 0 and S is not e-positive.
This result also implies that any spider of the form S(a, b, 2, 1) with a+ b ≥ 6, is not
e-positive. For a+ b < 6 it is straightforward to verify that each spider S(a, b, 2, 1) is not
e-positive. It is worth noting that for S = (λ1, λ2, λ3, 1), Theorem 3.3 cannot be applied
on the leg of length λ3, but Corollary 4.6 solves this problem and provides a similar e-
positivity condition. This corollary, along with the other results of Section 3, allow us to
confirm that no spider with four legs and at most 400 vertices is e-positive by directly
checking each of the conditions in this paper. However, since in some cases we show that
the spider is not e-positive through direct calculation of a coefficient, e.g. by using the
previous corollary, the same cannot be said for trees with a vertex of degree 4.
Thus far the focus has been on identifying spiders that are not e-positive, so we briefly
comment on spiders that are known to be e-positive. Most known families of e-positive
graphs are composed of paths, cycles, and complete graphs, so it is rare to find families of
trees that are e-positive.
One such family however, is the family of spiders S(n, n−1, 1), which is known to be e-
positive as seen in [4], for example. In addition to this family, we can calculate that the spi-
ders S(6, 2, 1), S(5, 3, 2), S(6, 4, 2), S(8, 6, 2), S(9, 7, 2), S(9, 6, 1), S(11, 6, 1), and S(15, 6, 1)
are e-positive. While we are unable to identify any infinite families of e-positive spiders
from this data, it would be interesting to further understand e-positive spiders with 3-legs
and possibly find an infinite family outside of those of the form S(n, n− 1, 1).
5 More on the e-positivity of spiders
Motivated by calculations on spiders with three legs, we attempt to extend these cal-
culations to spiders with any number of legs. The main result of this section is Theorem
5.3 which gives further conditions on when spiders with two odd length legs are e-positive.
Lemma 5.1. Let S = S(λ1, . . . , λd) be an n vertex spider and suppose n = mq for positive
integers m and q. If S has a connected partition of type (mq), then, [e(mq)]XS = m(m −
1)q−1.
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Proof. Fix a positive integer m. The proof is by induction on d, the number of legs of
the spider S, over all S that have a connected partition of type (mq) for some positive
integer q. When d = 1 or 2, note that S is a path and the result is a direct application of
Lemma 4.3. Now suppose d ≥ 3, and the result holds for all smaller d. Let S be a spider
with d legs and a connected partition of type (mq). Choose two arbitrary legs of lengths
λi = mk1+r1 and λj = mk2+r2, where 0 ≤ r1, r2 < m. Since S has a connected partition
of type (mq), Theorem 3.4 implies that r1+r2 < m. Expanding XS with Lemma 4.4 yields
XS = XS(λ−j(i:λi+λj)) +
λj−1∑
k=0
(
XS(λ−j(i:λi+k))XPλj−k −XS(λ−j(i:k))XPλi+λj−k
)
.
Notice that the chromatic symmetric functions appearing above are all of spiders with
fewer than d legs. As we are only interested in the coefficient of e(mq), the only relevant
terms in the summation above are the XS(λ−j(i:λi+k))XPλj−k with λj − k ≡ 0 (mod m)
and XS(λ−j(i:k))XPλi+λj−k with λi + λj − k ≡ 0 (mod m). Moreover, it is easy to check
that in the respective cases, XS(λ−j (i:λi+k)) and XS(λ−j(i:k)) are spiders with fewer than d
legs, have mq′ vertices for some positive integer q′, and satisfy the conditions of Theorem
3.4. In other words, whenever Pλj−k (resp. Pλi+λj−k) is a path with length divisible by
m, S(λ−j(i : λi + k)) (resp. S(λ−j(i : k))) is a spider with fewer than d legs and has a
connected partition with all parts of size m.
The number of terms of the first kind is equal to the number of multiples of m in
{mk2 + r2, . . . , 1} and the number of terms of the second kind is equal to the number of
multiples of m in {mk1 + r1, . . . ,mk1 +mk2 + r1 + r2}. Since r1 + r2 < m, in each case
this number is k2.
Finally, for both types of terms, by the inductive assumption, the coefficient of e(mq) is
m2(m− 1)q−2, and as there are k2 of both terms, the e(mq) terms over the summation all
cancel out leaving only the e(mq) term in XS(λ−j(i:λi+λj)). It is easy to check that S(λ−j(i :
λi+λj)) has fewer than d legs and has a connected partition of type (m
q). By the inductive
assumption, [e(mq)]XS(λ−j(i:λi+λj)) = m(m−1)
q−1, and as a result [e(mq)]XS = m(m−1)
q−1
as well.
Lemma 5.2. Let S = S(λ1, . . . , λd) be a spider with an even number of vertices and j legs
of odd length. Then, [e(2n/2)]XS = (−1)
j−1
2 2. (Note that since j must be odd in order for
S to have an even number of vertices, this value is well defined.)
Proof. The proof is by induction on j, the number of odd length legs. When j = 1, the
result is simply a special case of Lemma 5.2 with m = 2. Now suppose that S is an n-vertex
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spider with j ≥ 3 odd length legs and that the result holds for all spiders with j − 2 odd
length legs. Let λi and λj be two of the odd lengths. By Lemma 4.4,
XS = XS(λ−j(i:λi+λj)) +
λj−1∑
k=0
(
XS(λ−j(i:λi+k))XPλj−k
)
−
λj−1∑
k=0
(
XS(λ−j(i:k))XPλi+λj−k
)
.
Since we are only interested in the coefficient of [e(2n/2)], notice that all terms in the
first summation where k is even and all terms where k is odd in the second summation
can be ignored. Furthermore, the relevant terms are of the form XS(λ−j(i:2q))XP2p with
2q + 2p = λi + λj . Since S(λ−j(i : 2q)) is a spider with exactly j − 2 legs of odd length,
by the inductive assumption, [e(2n/2)]XS(λ−j(i:2q))XP2p = (−1)
j−3
2 4. Thus, the coefficient
of e(2n/2) in the expansion of XS is
[e(2n/2)]XS = (−1)
j−3
2 2 +
(
λj − 1
2
)
(−1)
j−3
2 4−
(
λj + 1
2
)
(−1)
j−3
2 4 = (−1)
j−1
2 2,
as desired.
Theorem 5.3. Let S = S(λ1, . . . , λd) be an n vertex spider where n is odd. If S has
exactly two legs of odd length and d− 2 legs of even length, where 2k1 + 1 and 2k2 + 1 are
the lengths of the odd length legs, while 2k3, . . . , 2kd are the lengths of the even length legs
(if they exist), then for all d ≥ 2
[e(3,2k1+···+kd)]XS = 4(k1 + k2 − k3 − · · · − kd) + 2d− 1.
In particular, if d ≥ 4, S has exactly two legs of odd length, and λ1 is even, then S is not
e-positive.
Proof. The proof is by induction as follows. Let S be as described above. When d = 2,
note that S is a path of length 2k1 + 2k2 + 3, so by Lemma 4.3, [e(3,2k1+k2)]XS = 2(k1 +
k2 + 1) + 2(k1 + k2) + 1 = 4(k1 + k2) + 3, as desired.
When d = 3, S has legs of lengths 2k1 + 1, 2k2 + 1, and 2k3, so an application of the
3-legged case of Lemma 4.4 with (a, b, c) = (2k3, 2k1 + 1, 2k2 + 1) yields
XS = XP2k1+2k2+2k3+3 +
2k2+1∑
i=1
(
XP2k3+2k1+1+iXP2k2+2−i −XP2k3+iXP2k1+2k2+3−i
)
= XP2k1+2k2+2k3+3 +
2k2+1∑
i=1
(
XP2k3+2k1+1+iXP2k2+2−i −XP2k2+2k3+2−iXP2k1+1+i
)
.
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The individual terms in the sum are all of the form XP2pXP2q+1 , where 2p+2q+1 = n =
2k1+2k2+2k3+3. By Lemma 5.1 and the result on d = 2, the coefficient of [e(3,2k1+k2+k3 )]
is
[e(3,2k1+k2+k3 )]XP2pXP2q+1 = [e(2p)]XP2p [e(3,2q−1)]XP2q+1 = 2(4(q − 1) + 3),
if q > 0 and 0 otherwise, since if q = 0 every term of XP2pX1’s expansion contains e1.
Substituting this into the previous summation yields,
[e(3,2k1+k2+k3)]XS = 4(k1 + k2 + k3) + 3 +
2k2∑
i=1
i odd
(−8k3) +
2k2∑
i=1
i even
8k3 − 2(4(k3 − 1) + 3)
= 4(k1 + k2 − k3) + 5,
as desired.
Now, suppose that the result holds for all spiders with fewer than d legs and that d ≥ 4.
For brevity, let k = k1 + · · ·+ kd. By an application of Lemma 4.4 with i and j such that
λi and λj are two legs of even lengths, say 2k3 and 2k4 respectively,
XS = XS(λ−j(i:2k3+2k4)) +XS(λ−j(i:2k3))XP2k4 + · · · +XS(λ−j(i:2k3+2k4−1))XP1−
XS(λ−j(i:0))XP2k3+2k4 − · · · −XS(λ−j(i:2k4−1))XP2k3+1
= XS(λ−j(i:2k3+2k4)) +
2k4−1∑
a=0
(
XS(λ−j(i:2k3+a))XP2k4−a −XS(λ−j(i:a))XP2k3+2k4−a
)
.
As with the calculation for d = 3, notice that the terms appearing in the sum are of
the form XS(λ−j(i:2p))XP2q or, XS(λ−j(i:2p+1))XP2q+1 .
When p, q > 0 note that S(λ−j(i : 2p)) is a spider with d − 1 legs, precisely two of
which have odd length and S(λ−j(i : 2p+1)) is a spider with exactly 3 legs of odd length,
while P2q and P2q+1 are paths of length at least 2, so by the inductive assumption and
Lemmas 5.1 and 5.2 we have
[e(3,2k)]XS(λ−j(i:2p))XP2q = [e(3,2k−ki−kj+p−1)]XS(λ−j(i:2p))[e(2q)]XP2q
= 2(4(k1 + k2 − p−
d∑
t=5
kt) + 2(d − 1)− 1),
[e(3,2k)]XS(λ−j(i:2p+1))XP2q+1 = [e(2k−ki−kj+p+1)]XS(λ−j(i:2p+1))[e(3,2q−1)]XP2q+1
= −2(4(q − 1) + 3),
when p, q > 0.
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Substituting this into the previous equation and using the inductive assumption to
calculate the coefficients on the remaining terms yields
[e(3,2k)]XS = 4(k1 + k2 −
d∑
t=3
kt) + 2(d− 1)− 1 +
2k4−2∑
a=1
a odd
8k3 +
2k4−2∑
a=1
a even
(−8k3)+
2(4(k1 + k2 − k3 −
d∑
t=5
kt) + 2(d − 1)− 1)−
2(4(k1 + k2 −
d∑
t=5
kt) + 2(d − 2)− 1) + 2(4(k3 − 1) + 3)
= 4(k1 + k2 − k3 − · · · − kd) + 2d− 1,
finishing the proof.
6 Further Avenues
In this paper we further investigated e-positivity conditions for spiders and trees and
showed that no tree with a vertex of degree at least 6 is e-positive. While the original
motivation for studying spiders was the reduction from trees to spiders noted in [6], it
appears that the e-positivity of spiders is an interesting topic in its own right. Our results
in Sections 4 and 5 show that the simpler structure of spiders makes it easier to understand
certain coefficients in the elementary symmetric function expansion of the chromatic sym-
metric function. We mention some possible avenues for extending the work in this paper
and discuss their connection to previous literature.
First, we restate three questions that were mentioned earlier, at the ends of Sections 3
and 4.
Question 6.1. Are there any e-positive trees that reduce, by Lemma 3.11, to S(6, 4, 1, 1)?
What about to S(15, 12, 2, 1), S(16, 12, 2, 1), S(21, 12, 2, 1), or S(42, 36, 4, 1)? These spiders
seem to pass all of the tests mentioned in Section 3.
Question 6.2. Are there infinite e-positive spiders outside of the family S(n, n− 1, 1)?
Question 6.3. Does there exist an infinite family of e-positive trees that can be reduced to
a non e-positive spider through Lemma 3.11?
Regarding the last question, recall that while Dahlberg et al.’s original conjecture is
for all trees, the results in Sections 4 and 5 are only applicable to spiders as they deal with
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direct calculations of coefficients. For example, we find a (finite) number of trees that are
e-positive but can be reduced to a spider that is not e-positive using Lemma 3.11.
Example 6.4. Let Mn denote the tree that consists of a path of length 2n + 1 with two
additional vertices adjacent to the nth and n + 1th vertices on the path. Then notice the
nth vertex has degree 3 and that there are subtrees of size n+ 2, n − 1, and 1 rooted at its
three neighbors. Then for n = 1, 2, 4, 5, 7, and 8 Mn is e-positive. However, for n = 2, 4, 5,
and 8 the spider S(n + 2, n − 1, 1) is not e-positive. For n = 10 and 11, Mn is also not
e-positive.
Returning to the e-positivity tests of Section 3, observe that for all of these tests, if the
spider S = S(λ1, . . . , λd) passes the test, then a spider, S
′, obtained by adding two legs
together, e.g. replacing two legs of lengths λi and λj with a single leg of length λi + λj,
does so as well. This due to the following fact, which is not hard to see.
Proposition 6.5. Let S and S′ be spiders as defined above. If S has a connected partition
of type µ, then S′ does as well.
Thus, for any e-positivity test that relies on finding a missing type of connected par-
tition, if S passes the test, then S′ does as well. In fact, the same can be said for the
condition in Theorem 5.3, even though this Theorem does not rely on finding type of
connected partition; if S satisfies Theorem 5.3, then S′ does as well. This leads to the
following conjecture.
Conjecture 6.6. Let S = S(λ1, . . . , λd), be a spider with d legs. Let S
′ be the spider with
d− 1 legs obtained by combining two of the legs as described above. If S is e-positive then
S′ is as well.
Note that Conjecture 1.2 of Dahlberg et al. [6] implies this conjecture. Indeed, if the
only e-positive spiders are those with at most three legs then for every e-positive spider
S, any S′ is a path, which is known to be e-positive (see [18] for example). However,
if there happen to exist spiders with four or five legs that are e-positive, this conjecture
would be a natural first step towards understanding which spiders with 4 or more legs
are e-positive. Even if there are no e-positive spiders with four or more legs, we believe
that the inductive approach in Section 5 could be used to better understand the relation
between the chromatic symmetric functions of S and S′.
This is also similar to the notion of a graph being strongly e-positive presented in [7],
where a graph is said to be strongly e-positive if all of its induced subgraphs are e-positive.
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For spiders S(λ) and S(µ), we are replacing the notion of S(µ) being an induced subgraph
of S(λ) with λ being a refinement of µ, i.e. a partition formed by adding up parts of µ.
Finally, we note that partitions of spiders are related to partitions of their line graphs,
which makes sense as partitioning the vertices of spiders is very similar to partitioning the
edges. In fact the following is true.
Proposition 6.7. If a spider S = S(λ1, . . . , λd) has a connected partition of every type,
then the line graph of S, denoted by SL, does as well.
It is then natural to consider the following conjecture, which we can check is true for all
of the e-positive spiders that we know of — namely those mentioned at the end of Section
4.
Conjecture 6.8. If a spider S is e-positive, then its line graph, SL, is as well.
This question has connections to both Stanley’s original observation that e-positivity
is related to being claw free as well as a class of graphs shown to be e-positive by [11].
Regarding the first connection, Stanley noted that being claw free was related to being
e-positive, but that the conditions were not equivalent. His smallest example of a non
e-positive graph with no induced claw was the net, or SL where S is the non e-positive
spider S = S(2, 2, 2). In general however, if being claw free is related to being e-positive,
then one might expect that taking the line graph of a spider, an operation that removes
the induced claw, preserves e-positivity.
For the second connection, note that for spiders of the form S(λ1, λ2, 1, . . . , 1), and in
particular the e-positive family S(n, n−1, 1), their line graphs are part of a family of graphs
known as K-chains, which are shown to be e-positive in Corollary 7.7 of [11]. A K-chain
is a graph consisting of a sequence of complete graphs sequentially identified at a single
vertex. The line graph of a spider of the form S(λ1, λ2, 1, . . . , 1) is a chain of multiple K2’s
and a single Kd. Using the e-positivity of K-chains, one can also see that the converse
of our conjecture is false. For example, the family of spiders S(2a + 1, 2b + 1, 1) is not
e-positive by Theorem 3.4, but have e-positive line graphs as just noted.
Regarding the line graphs of spiders, it is shown in [8] that they are distinguished by
their chromatic symmetric functions. As far as we know, the e-positivity of line graphs of
spiders has not been directly studied before. Regardless of whether there exist e-positive
spiders with 4 or more legs, it could still be worthwhile to consider Conjecture 6.8 for
spiders with three legs and to better understand the connection between the chromatic
symmetric functions of spiders and their line graphs.
20
In general, for a spider S with d legs, SL consists of a complete graph of size d, with
a path coming out of each vertex. Such graphs are sometimes called generalized spiders
and any of the e-positivity questions regarding spiders could be studied for these graphs
as well.
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